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Abstract
This paper shows that Hedstrom’s nonreﬂecting boundary condition works for some nonsimple-wave solutions in the case where
the solution is C2. Hedstrom’s boundary condition is a pioneering work in the discipline of characteristic nonreﬂecting boundary
conditions and Hedstrom gave a theoretical assurance of the nonreﬂectivity for simple-wave solutions. In this paper, we extend
Hedstrom’s theorem for C2 solutions, that is, we prove that the Hedstrom boundary condition eliminates the reﬂection if the solution
is C2 and there do not exist ingoing waves generated by the nonlinear interactions near the boundary.
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1. Introduction
Since the size of any computer memory is ﬁnite, computer simulations of physical phenomena are usually carried
out in ﬁnite physical domains. Hence, one must truncate the computational domain into ﬁnite even when he/she
simulates a physical phenomenon in an unbounded region. This truncation leads to artiﬁcial boundaries, which do
not exist in the real world, and hence the corresponding boundary conditions are required. Practically nonreﬂecting
boundary conditions are employed on such artiﬁcial boundaries since it is difﬁcult to derive the exact boundary
condition.
Although a number of nonreﬂecting boundary conditions have been proposed [1,6] in the last two decades, one of
the most often-used methods for simulations of compressible ﬂow is the Poinsot–Lele boundary condition [5]. The
Poinsot–Lele boundary condition is basedon themethodof characteristics, andhence it is calledNSCBC(Navier–Stokes
characteristic boundary condition) or, simply, the characteristic boundary condition.
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The origin of the characteristic boundary condition is Hedstrom’s nonreﬂecting boundary condition for one-
dimensional quasi-linear hyperbolic systems [2]. Hedstrom considered the system
u
t
+ A(u)u
x
= 0 (1)
in the half space x > 0, where u is a vector whose components are dependent variables and A is an n × n diagonaliz-
able matrix which depends on u. Restricting the consideration to simple-wave solutions and adopting the method of
characteristics, Hedstrom proved the next theorem.
Theorem 1. If there are only simple waves going out, then the boundary condition on the boundary x = 0:
lj
u
t
= 0 for all j with j > 0 (2)
eliminates the reﬂections, where lj is the left eigenvector of A corresponding to the eigenvalue j .
The assumption of the simple-wave solution is indispensable in Hedstrom’s proof. Hence it has been believed that
the nonexistence of the reﬂection is guaranteed only when there are only simple waves [1,6].
We extend this theorem to a certain class of nonsimple-wave solutions, that is, we shall prove Theorem 3, which
implies “if the solution of (1) is C2 and there do not exist ingoing waves generated by the nonlinear interactions at the
boundary, then boundary condition (2) eliminates the reﬂection.”
2. The Hedstrom boundary condition for C2 solutions
First, to state our theorem precisely, we do preparative calculations, taking advantage of the derivation method due
to F. John [3,4]. This is a method of decomposing (1) into highly independent scalar equations by introducing new
variables. In what follows, we assume that the solution u is C2.
First, we regard the vector u/x as a new variable and write it by w
w = u
x
.
Since (1) is hyperbolic, A has n eigenvectors. Therefore, we can express w as a linear combination of the right
eigenvectors rj
w =
n∑
j=1
wjrj , wj = ljw,
where lj ’s are the left eigenvectors satisfying lirj = ij .
The Hedstrom boundary condition can be rewritten as a condition for wj .
Lemma 2. The Hedstrom boundary condition (2) is equivalent to the boundary condition
wj = 0 for all j with j > 0. (3)
Proof. From (1),
lj
u
t
= − ljAu
x
= − j lj u
x
= − jwj .
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Since j > 0, we have
lj
u
t
= 0 ⇔ wj = 0. 
Now we decompose (1). The key idea of the decomposition is the following fact. Since for all vector valued functions
f : u → f (u) ∈ Rn
⎧⎪⎪⎨
⎪⎪⎩
f
x
= f
u
u
x
= f
u
w,
f
t
= f
u
u
t
= −f
u
A
u
x
= −f
u
Aw,
(4)
which imply that f/x and f/t contains only linear terms of the components of w. In a similar way it can be easily
seen that the same is true for differentials of any matrix M(u).
Because we assume that the solution is C2, we can differentiate (1) with respect to x

x
(
u
t
+ Au
x
)
= w
t
+ Aw
x
+ A
x
w
= 
t
⎛
⎝ n∑
j=1
wjrj
⎞
⎠+ A 
x
⎛
⎝ n∑
j=1
wjrj
⎞
⎠+
⎛
⎝ n∑
j=1
wj
A
x
rj
⎞
⎠
=
n∑
j=1
(
wj
t
rj + wj
x
Arj + wj rj
t
+ wjArj
x
+ wj A
x
rj
)
and obtain an equation
n∑
j=1
(
wj
t
rj + j wj
x
rj
)
= −
n∑
j=1
(
wj
(
rj
t
+ Arj
x
+ A
x
rj
))
.
Multiplying li , we have
wi
t
+ i wi
x
= −li
n∑
j=1
(
wj
(
rj
t
+ Arj
x
+ A
x
rj
))
(i = 1, 2, . . . , n). (5)
From the fact that A and rj ’s are functions of u and (4), it can be seen that ((rj /t) + A(rj /x) + (A/x)rj )
is written as a linear combination of wj ’s, whose coefﬁcients depend only on u. Therefore the right-hand side of (5)
contains only quadratic terms of wj ’s and we can write (5) as
wi
t
+ i wi
x
=
∑
j,k
i,j,k(u)wjwk , (6)
where i,j,k’s depend only on u.
Now we give the main theorem, which states that the Hedstrom boundary condition for C2 solutions eliminates
reﬂections under a natural assumption.
Theorem 3. In x, t-plane let Li be a curve described by
Li =
{
(pi(t), t)
∣∣∣∣dpidt = i (u(pi(t), t)), pi(0) = 0
}
(7)
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Fig. 1. The curve Li and the domain D
(i)
s .
and D(i)s be a region bounded by t = s, x = 0 and Li (see Fig.1). Suppose that the boundary condition (2) is imposed.
For any ﬁxed T > 0, assume that the solution of (1) isC2 and furthermore∑j =i,k =i ijkwjwk =0 forwi corresponding
to i > 0 on D(i)T . Then wi = 0 on D(i)T .
Remark 4. (1) We should like to note that the assumption ∑j =i,k =i ijkwjwk = 0 is quite natural. Indeed, ingoing
waves consist of not only reﬂections from the artiﬁcial boundaries but also nonartiﬁcial waves generated by the
nonlinear interactions
∑
j =i,k =i ijkwjwk between outgoing waves; hence the assumption
∑
j =i,k =i ijkwjwk = 0
near the boundaries implies that nonartiﬁcial waves are not generated.
(2) If the solution is a simple wave and C2, clearly∑j =i,k =i ijkwjwk = 0. Therefore Theorem 3 is an extension of
Hedstrom’s theorem.
To prove Theorem 3 we use the following lemma.
Lemma 5. If the solution of (1) is C2 and boundary condition (2) is imposed on x = 0, then
d
ds
∫ ∫
D
(i)
s
|wi | dt dx =
∫ ∫
D
(i)
s
sign(wi)
∑
j =i,k =i
ijkwjwk dt dx
+
∫ ∫
D
(i)
s
⎛
⎝∑
j
(iij + (1 − ij )ij i )wj +
i
u
∑
j
wj rj
⎞
⎠ |wi | dt dx,
where ij is the Kronecker delta.
Proof. We have
d
ds
∫ ∫
D
(i)
s
|wi | dt dx =
∫ pi(s)
0
|wi | dx
=
∫
D(i)s
|wi |(dx − i dt),
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since |wi | = 0 on x = 0 and dx − i dt = 0 on Li . So by using Stokes’ theorem, we have
d
ds
∫ ∫
D
(i)
s
|wi | dt dx =
∫
D(i)s
|wi |(dx − i dt)
=
∫ ∫
D
(i)
s
d(|wi |(dx − i dt))
=
∫ ∫
D
(i)
s
sign(wi)
(
wi
t
+ i wi
x
+ wi i
x
)
dt dx
=
∫ ∫
D
(i)
s
sign(wi)
⎛
⎝∑
j,k
ijkwjwk + wi
i
x
⎞
⎠ dt dx
=
∫ ∫
D
(i)
s
sign(wi)
∑
j =i,k =i
ijkwjwk dt dx
+
∫ ∫
D
(i)
s
⎛
⎝(iij + (1 − ij )ij i )wj + iu
∑
j
wj rj
⎞
⎠ |wi | dt dx. 
Proof of Theorem 3. From Lemma 5 and the assumption that
∑
j =i,k =i ijkwjwk = 0, we have
d
ds
∫ ∫
D
(i)
s
|wi | dt dx =
∫ ∫
D
(i)
s
⎛
⎝∑
j
(iij + (1 − ij )ij i )wj +
i
u
∑
j
wj rj
⎞
⎠ |wi | dt dx.
Since
∑
j (iij + (1 − ij )ij i )wj + (i/u)
∑
j wj rj is a continuous function of x and t, its absolute value has a
maximum value on D(i)s . So there exists a monotonically increasing function C(s) such that∣∣∣∣∣∣
∑
j
(iij + (1 − ij )ij i )wj +
i
u
∑
j
wj rj
∣∣∣∣∣∣ C(s)
on D
(i)
s , and hence for s <T
d
ds
∫ ∫
D
(i)
s
|wi | dt dxC(T )
∫ ∫
D
(i)
s
|wi | dt dx.
Thus we have∫ ∫
D
(i)
T
|wi | dt dx = 0,
for
∫ ∫
D
(i)
s
|wi | dt dx|s=0 = 0. So we get wi = 0 on D(i)T because wi is continuous. 
3. Conclusion and future work
We have extended the Hedstrom boundary condition in the case where the solution is C2, that is, we have proved that
the Hedstrom boundary condition eliminates the reﬂection if the solution is C2 and there do not exist ingoing waves
generated by the nonlinear interactions. On the other hand, this analysis is valid only for one-dimensional case. For
multi-dimensional cases, it is known that the characteristic nonreﬂecting boundary condition does not work well for
the ﬂow which is not perpendicular to the boundaries. To investigate a boundary condition that eliminates the reﬂection
in this case is left for the future work.
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